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Abstract

In this paper we consider two-dimensional progressgraphs and compare the complexity of the reduced
state transition systemsobtained by two di eren t partitioning heuristics basedon dihomotopy. We show
experimentally that a recursive reduction algorithm could improve the results of Goubault et al.
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1 Intro duction

A problem for model cheding is the explosion of the number of states as the complexity of the concurrert
program being analyzed grows. Non-determinism in the interleaving of events is to blame, but topological
methods may provide somehope for mitigating the problem, especially for deadlock detection. Dijkstra is
credited with the idea of a progressgraph with axescorresponding to the processesand in his dissertation
and other subsequenhwork [GR02, GHO5], Goubault and others have advancedthe conceptof using \higher-
dimensional automata" and \dihomotop y" to simplify the analysisof progressgraphs by decomposing them
into componerts. The larger the componerts, the fewer componerts there will be and the greater the
reduction of the state-spaceexplosion.

The methods of Goubault and others may not be optimally e cien t in this regard, though, and in this
paper, we proposea recursive approad instead of an inductiv e oneto further reducethe state-spaceexplosion.
We have found experimertally that the inductive method producesa number of regions(componerts) which
is approximately quadratic in the number of semaphoresfor the progressgraphs being considered,but the
recursive approach lowers the exponert to approximately one. If these algorithms can be exploited for
general use in model cheking LTL formulae over traces [BLO1], then we expect a signi cant benet to
model chedking methods from this improvemert, becausethere are exponertially many paths to be cheded.

A heuristic which often works in researd is that if a problem seemstoo di cult, then perhapsa slightly
easiersimilar problem should be considered. This was the strategy for this researd. First, we considered
the problem of forbidden points in a modi ed progressgraph and discovered a recursive algorithm: then
we modi ed the algorithm to handle forbidden rectangles. We believe that it will generalizeto higher-
dimensional progressgraphs having more than two processesand many forbidden cuboids.

2 Preliminaries

2.1 Two Dimensions

De nition  2.1. ProgressGraph (space) with Forbidden Points. A progressgraph with forbidden points is a
product of two closel intervals of real numbers (one for each processof a concurrent program) minus isolated
forbidden points in the interior of the graph (space).



De nition  2.2. ProgressGraph (space) with Forbidden Rectangles. A progressgraph with forbidden rect-
anglesis a product of two closel intervals of real numbers (one for each processof a concurrent program)
minus the interior of forbidden rectangleswhich havetheir interior and boundary in the interior of the graph
and have edgesparallel to the coordinate axes. See Figure 1.

Note: in the following text, the term progressgraph refersto either of the above two typesexceptwhen
one or the other is clearly speci cally intended.
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Figure 1: This is the standard two-semaphoreSwiss ag example. Two processesly = fPa;Pb;Vb;Va;g
and T, = fPb;Pa;Va; Vb, g comprisea concurrert program. The horizontal rectangle correspondsto a and
the vertical rectangle correspondsto b: they are forbidden.

De nition  2.3. Dipath. A dipath in a progressgraph is a continuous function from the interval [0,1] into
the progress graph which has the property of being non-decreasing in each coordinate. (We will mostly be
interested in dipaths which map O to the minimal point (lower left corner) of the progressgraph.)

De nition  2.4. Maximal Dipath. A maximal dipath in a progressgraphis a dipath which cannot be extendel
backwaids or forward in the progressgraph.

Denition  2.5. Sucessful Dipath. A sucessful dipath in a progressgraph is a dipath which ends at the
upper right corner of the progressgraph.

Denition  2.6. Valid Dipath. A valid dipath in a progressgraph is a dipath which begins at a reachable
point, meaning that there exists a dipath that begins at the lower left corner of the progressgraph and ends
at that point.

Lemma 2.7. In a progressgraph with forbidden points, every dipath is a valid dipath.

Pro of of Lemma 2.7 This lemma is equivalent to the proposition that all points in a progressgraph
with forbidden points are reachable. Becausethe forbidden points must be isolated, there is a nite number
of them. Becauseit is also clear that the boundariesare reachable, as forbidden points must only be in the



interior of the progressgraph, consider an interior point (x;y) of the progressgraph. Let V be the set of
forbidden points of the form (x;;yi) wherex; < x. If V is empty, there are no forbidden points strictly to
the left of (x;y), soa direct dipath from the lower left cornerto (x;y) exists. If V is non-empty, let r be the
minimum value of x  x;.This guaranteesthat there are no forbidden points with a horizontal coordinate
in the interval (x r;x). Thus, a dipath that starts at the lower left corner (assumedto be the origin
for simplicity), travels horizontally until (x r=2;0), travels vertically until (x r=2;y), and then travels
horizontally until (x;y) is a dipath from the lower left cornerto (Xx; ). O

Lemma 2.8. In a progressgraph with forbidden points, every maximal dipath is a suaessful dipath which
begins at the lower left corner of the progressgraph.

Pro of of Lemma 2.8 The endpoints of any dipath in a progressgraph with forbidden points are a
nonzero distance away from all forbidden points, as the endpoints are not allowed to be forbidden points.
Consider the closestforbidden point (x;y) to p(1) for an unsuccessfuldipath p. Becausep(1l) is a positive
distancer; from (x;y) and a positive distancer, from the upper right corner, any extension of p of length
half of the minimum of r; and r; in the direction of the upper right corner will not intersect any forbidden
point, sop was not maximal. Similarly, dipaths can be extended backwards toward the lower left corner of
the progressgraph. O

De nition  2.9. Dihomotopy/Dihomotopy Equivalen®. A dihomotopy between dipaths f and g is a contin-
uous function from the the unit squae to the progressgraph which restricts to f on the bottom edge, restricts
to g on the top edge, and takesthe left and right edgesto the initial and nal points (respectively) of f and g,
which must coincide at their endpints. It is also required that each horizontal cross-setion between f and
g be a dipath. If a dihomotopy exists between f and g, then they are said to be dihomotopially equivalent.

Denition  2.10. Type. Let p be a maximal dipath in a progress graph, and let S be an ordered set of
forbidden points of the progressgraph. Then the type of p relative to S descrites how the dipath \p assesby"
the points of S. For example,if the dipath goesto the left and then alove a particular point of S, then for
that point, the type data is (1;0). The 1 in the rst coordinate signi es that it went alove (not below) the
point and the O in the second coordinate signi es that it went to the left (not to the right).

Note that the only possibletype data for a point of Sis (0;1) or (1;0) becauseof the nondecreasing
properties of the dipath. This de nition may seemredundart, therefore, but it has beenwritten for easeof
usewhen generalizedto codimensiontwo forbidden setsin higher dimensional progressgraphs.

Lemma 2.11. Let p be a maximal dipath in a progress graph with forbidden points, and let (x;y) be a
forbidden point of the progressgraph. Then p geesatove (x;y) i it goesto the left of (x;y).

Pro of of Lemma 2.11 Becausep is a maximal dipath in a progressgraph with forbidden points, by
Lemma 2.8, p is a successfuldipath which begins at the lower left corner (assumedto be the origin for
simplicity). If p goesabove a forbidden point (x;y), then p goesthrough a point (X; yo) with yo > y. Let
to 2 (0;1) be such that p(to) = (X;Yo). Becausep is a dipath, it is continuous, soits projection (p(t)) is
also continuous. Because »(p(0)) = 0and 2(p(to)) = yo, by the Intermediate Value Therorem there exists
at; 2 (0;tg) such that ,(p(t1)) = y. That is, there is at; 2 (0;tg) such that p(t;) = (x1;y) for somex;.
Now, p is a dipath, sox; x becauset; < to. However, x; 6 x because(x; y) is a forbidden point, meaning
that p goesto the left of (x;y). The proof of the converseis trivial. O

Denition  2.12. Admissible Type. A type is admissibleif there is a dipath in a progressgraph which has
the given type. Otherwise, it is called inadmissible.

Denition  2.13. Transition Digraph. We de ne a transition digraph to be a digraph obtained from a
progressgraph by partitioning it into regions (nodes) and boundaries between them (dir ected edges).

Denition  2.14. Path in a Transition Digraph. A path in a transition digraphis a path in the usual sense
of digraph. Maximality and suaessfulnessare de ned as in the case of dipaths.



De nition  2.15. Maximal Region in a partitioned progress graph. A maximal region in a partitioned
progressgraph is a component/r egion of the partition which correspndsto a maximal node in the assaiated
transition digraph, meaning that there are no directed edgescoming out of that node. This can representan
unsafe region.

2.2 Three and Higher Dimensions

All of the conceptsof the previous subsectioncan be generalizedto higher dimensions. Forbidden points
are replacedby forbidden setsof codimensiontwo which extend from end to end in all free directions. That
is, only two coordinates are speci ed as forbidden. The analogueof forbidden rectanglesis the product of a
rectangle in two dimensionswith the ertire intervals in all other directions. The only interesting feature of
the generalizationis that the forbidden setscan\extend in di erent directions (with respectto eadt other)".

Dihomotopy, however, remains a two-dimensional property, for it captures the concept of a continuous
deformation via a one-parameterfamily of dipaths. Induction is the key to generalizing the proofs. For
example, seethe next proof.

Theorem 2.16. In a progressgraph with codimension two forbidden sets, every dipath is valid; equivalently,
every point is reachable.

Pro of of Theorem 2.16 O

The de nition of type is modi ed to include \don't care" symbols (*) in the coordinates for which the
forbidden codimension two setsextend from end to end of the progressgraph. For example, a dipath pin a
three-dimensional progressgraph with only one forbidden line segmei speci ed by (0.5, *, 0.25) could have
a type described by (0,*,1) if p crossesthe plane x = 0:5 beforeit crossesthe plane z = 0:25, or described
by (1,*,0) otherwise.

3 Progress Graphs

3.1 Forbidden Points
3.1.1 Descriptions

Inductive Reduction Algorithm. We describe an adaptation of an algorithm developed by Goubault et
al. Given a progressgraph with forbidden points, partition the progressgraph by drawing horizontal and
vertical line segmens from ead forbidden point to the boundaries of the progressgraph. SeeFigure 2.
This divides the progressgraph into rectangles,which are called componerts. We form a transition digraph
which hasthesecomponerts asnodes/vertices, and the boundaries(line segmetts) betweenthem asdirected
edges(where crossinga boundary represerts a transition). Certain squaresin the digraph commute in the
sensethat traversing one or the other path from the initial point of the squareto the terminal point is not
distinguishable from the point of view of dihomotopy. Such commutativ e squareshave beencalled \relations"
in the literature.

Recursive Reduction Algorithm. First, let V be the set of forbidden points. Next, let By be the entire
progressgraph, and let B; be the smallestrectangleinside By which contains all of the points of Vo = V and
cortains the upper right corner of the progressgraph. The left and bottom sidesof B; will cortain at least
one point of Vp, either in the interior or at the corner. Let V{ be the set of points of Vy which are on the left
or bottom sidesof By, and let V; = Vo V. Repeat this procedureto de ne By, V|, and V,Ofor eah!| O
until V is exhausted. Let the closedsetsNg = cl(By B1);N1 = cl(B1 By);:::, andcall f Ng;Ny;:::g the
initial partition of the progressgraph.

Next, we will partition ead N, accordingto the positions of the points of V? ., and V. For example,
seeFigure 2, which represernts a two-dimensionalcase. The basicidea s that we draw L-shaped regionsand
then partition them with line segmeits.



5| 5 | 6
4
5| 5 | 5
o | 3| 3
5 | 5 | 5
1
4 4
3| 3
2
3| 3 3
2
2 2
1
1

Figure 2: Small circles represen forbidden points. Numbers correspond to L-shaped regionsin the initial
partition. Notice the recursive partitioning in the progressgraph on the left.

Since ead point of V% is on at least one face of Bj+;, one can de ne the direction(s) normal to the
facesthat contain a given point of V|% For ead sud direction, extend line segmetts to the left or down
(outward) from the inner boundary of N, to the outer boundary of N, (remember that N, is the complemen
of a L-shaped region). Also extend line segmeits to the right or up (inward) through N, from the points of
V(‘,’ 1 This procedurealso producesa transition digraph.

3.1.2 Correctness

Note: we shal assumethat dipaths cross partition boundaries transversaly.

Theorem 3.1. If f and g are maximal dipaths in a progressgraph with forbidden points that havethe same
type relative to the set of forbidden points, then they are dihomotopially equivalent (there is a dihomotopy
between f and g).

Pro of of Theorem 3.1 Becausef and g are maximal dipaths in a progressgraph with forbidden points,
by Lemma 2.8, they coincideat their endpoints. Construct a dihomotopy betweenf and g asfollows. De ne
hs(t) = h(s;t) = sf(t) + (1 s)g(t). We must show that for any s 2 [0; 1], hs is a dipath: that is, that it is
nondecreasingin eat coordinate and avoids forbidden points. Becausef and g are nondecreasing,and for
alls2[0;1],s 0Oand1 s 0, hgisalsonondecreasingin eat coordinate, asit is a nonnegative linear
combination of f and g. In order to show that hs avoids forbidden points, considerthat hg and hy must have
the sametype relative to the set of forbidden points, asthey are simply the functions g and f , respectively.
Begin by reparameterizingf and g sofor all t 2 [0;1], 1(f (t)) = 1(0(t)). Supposethat there exist some
s;t 2 (0;1) such that hg(t) = (x;y), a forbidden point. Now, hs is simply a weighted averageof hg and hy,
sowe have ho(t) = (X; yo) and hy(t) = (X;y1), soeithery, y y; or the reverse,which implies that either
f and g have di erent typesor at least one of them passeshrough the forbidden point. By contrap osition,
hs(t) avoids forbidden points. O

Corollary 3.2. Contrapositive of atove theorem. If f and g are maximal dipaths in a progressgraph with
forbidden points from di er ent dihomotopy equivalene classes,then they havedi er ent types.

Theorem 3.3. If pis a path in a transition digraph obtained from a progressgraph with forbidden points by



using the Recursive Reduction Algorithm, and f and g are maximal dipaths that both map to p, then f and
g havethe sametype.

Pro of of Theorem 3.3 Supposethat two dipaths f and g having di erent typesmap to the samepath p.
Considerthe L-shaped regions. They inherit a natural total order increasingfrom the lower left to the upper
right. Moreover, there is a total order on the regions within ead L-shaped region from top edgeto right
edge. As f passesthrough the L-shaped regionsin order, its type is determined by which regionsit passes
through. Every forbidden point is at the intersection of two perpendicular line segmets, one of which is the
boundary betweentwo L-shaped regions. It is impossiblefor g to map to the samepath in the transition
digraph asf , sincethe dipaths must \c hoose" whereto crossthe boundary: either to the left or right of the
forbidden point in question, or above or below it. O

De nition  3.4. Type of a path in a transition digraph (obtained from a progressgraph by using the Recursive
Reduction Algorithm). If p is a path in a transition digraph obtained from a progress graph by using the
Recursive Reduction Algorithm, de ne the type of p to be the type of any maximal dipath that mapsto p.

Corollary 3.5. If f and g are maximal dipathsin a progressgraph with forbidden points from di er ent diho-
motopy equivalene classes,then they map to paths having di er ent typesin the transition digraph obtained
from the Recursive Reduction Algorithm.

There exists an inadmissible maximal path through the transition digraph obtained from a progressgraph
under the Recursive partitioning. For example, seeFigure 3.
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Figure 3: The path from the lower left to upper right cornersdoesnot have an admissibletype;i.e., it does
not comefrom a dipath.

3.2 Forbidden Rectangles
3.2.1 Descriptions

Inductive Reduction Algorithm. [GHO5] There is a correspondencebetweensemaphoresand forbidden rect-
angleswith minimal (lower left) corner corresponding to locking and maximal (upper right) corner corre-
sponding to it unlocking by ead processof the progressgraph. Take the rectanglesoneat a time, and draw
from the minimal point a horizontal ray back to the left boundary of the progressgraph, and draw a vertical



ray down to the bottom boundary of the progressgraph. Similarly, draw horizontal and vertical rays from
the maximal point of the forbidden rectangle to the right and top boundaries of the progressgraph. Do so
for eadt rectangle.

An optimization is possiblewhich is described in Goubault and Raussen'spaper [GR02], but this is the
essetial idea of the inductiv e algorithm. The optimization is that it is not necessaryto extend boundary
partitions to the boundary of the progressgraph when they intersect another forbidden region rst.

When there are only two semaphores,one can obsene three represenativ e examplesillustrated in Fig-
ure 4, which shov how the inductiv e algorithm should have approximately quadratic complexity.

Figure 4: In the rst two progressgraphs, there are (2 + 1)2 = 9 regions;in the third, there are 10 regions,
but oneis unreachable. In generalwe expect approximately (m + 1)2 regions.

Figure 5: Shadedregions are forbidden. Dashedlines are for the initial partition, and solid line segmeits
complete the partitioning.

Recursive Reduction Algorithm. First, collect all of the cornersof all of the forbidden rectanglesC; into a
setV = [ |1, ;. then follow the procedurefor forbidden points, exceptthat a slight modi cation is required
becausesomeof the L-shaped regionsobtained may be crossedby forbidden rectangles. To accomalate this
possibility, simply add new verticesto V wherewer a forbidden region crossesthe boundary of an L-shaped



region. The basicidea is still that we draw L-shaped regionsand then partition them with line segmetts.
SeeFigures 5 and 6.

Figure 6: The long horizontal forbidden region at the top crosseghrough L-shaped regionsshawving the need
to add verticesto protect forbidden regions.

3.2.2 Correctness

Correctnessargumerts are basedon those for forbidden points. Along with the properties of the section on
progressgraphs with forbidden points, we have two additional properties. These arise from consideration
of unsafe and unreachable regions. By taking all four corners of ead forbidden rectangle to be forbidden
as well, we obtain enough information to de ne types. The modi cation of adding verticesto V as we
form smaller L-shaped regions ensuresthat theseregionsare not crossedby forbidden rectangleswithout a
separation of componerts in the nal partition. The set of paths (with admissible types) of the transition
digraph obtained doesin fact contain represenativ esof ead dihomotopy classof dipaths. SeeTheorems3.6
and 3.7 below for the precisede nition of correctness.

Theorem 3.6. If f is a maximal dipath in a progressgraph, thenit mapsto a maximal path in the transition
digraph obtainad by the Recursive Reduction Algorithm.

Pro of of Theorem 3.6 Supposethat f isamaximal dipath in a a progressgraph with forbidden rectangles
(the caseof forbidden points is clear). If f is valid and succesful,then it clearly mapsto a maximal path in
the transition digraph, so considerthe other two (non-exclusive) possibilities. If f is not successful but is
maximal, then it must reach a point of deadlock p. Becausef must approach p to an arbitrary proximity,
there is only one region R which contains points on f for parameter valuesthat are arbitrarily closeto 1,
so R must be showvn to be maximal. In order for deadlock to occur at p, it must be on the boundary of
two forbidden rectangles,one above it and oneto its right. Let vp and vi be the lower left cornersof these
forbidden rectangles,asillustrated in Figure 7.

Consider the rectangle C formed with vg asthe upper left corner and v; asthe lower right corner (and
with p asits upper right corner). We claim that R is contained inside C, soit is maximal. Why { because
all regionsof the partition (including R) are either rectangular, in which caseit is clear, or L-shaped regions
of the partition. But R also corntains p, soit must be rectangular. The possibility of f being invalid can be
handled by similar arguments. O

Theorem 3.7. There is an inverse mapping from maximal paths in a transition digraph obtained from the
recursive algorithm that have an admissibletype to maximal dipaths in the original progressgraph. We do



Figure 7: f must go betweenvy and v, to a maximal region. Sinceevery vertex v; of every forbidden region
is a point of intersection of two perpendicular line segmers (of the partition) passingthrough v;, f endsin
a maximal region no matter what other partitioning is done by the algorithm.

not claim that the mapping is unique or one-to-one (but we can obtain a bijection between admissible type
classesof paths and dihomotopy classesof dipaths).

Pro of of Theorem 3.7 Becausewe are consideringadmissibletypesonly, the only thing to prove is that
the mapping obtained from the de nition of admissible can take maximal paths to maximal dipaths. All
maximal regionsof the recursive partition are rectangular, soany dipath which mapsto a maximal path can
be extendedto its maximal corner, and therefore can be made maximal. O

We useall four cornersof eadh forbidden rectangle for the recursive algorithm, yet it doesnot a ect the
complexity signi cantly. The inductiv e algorithm only usesthe minimal and maximal corners.

3.3 Forbidden Codimension Two Sets in N Dimensions
3.3.1 Descriptions

Inductive Reduction Algorithm. The algorithm of Goubault et al. for forbidden cuboids has beendescribed
using \pre-cubical sets" in an earlier paper [GHO5]. Its modication to handle simple codimension two
forbidden setsasin earlier sectionsis straightforward.

Recursive Reduction Algorithm. We assumethat the progressgraph extendsfrom (0;0;:::;0)to (1;1;:::;1)
for simplicity. We will usecoordinates (Xo;X1;:::;Xn 1) corresponding to the processes.

In order to obtain a partition which has the advantages of being basically recursive, but not unduly
cumbersome, we considerthe N processedn pairs. Since ead forbidden set corresponds to a forbidden
point in two particular coordinates, we can do the partitioning for two-dimensional planes as before, and
then extend them through the N 2 orthogonal directions. So,there are N choose2 recursive partitions to
be done and then combined appropriately (meaning that two points are consideredto be in the sameregion
of the N -dimensional progressgraph if their projections are in the sameregionsin all possible2-dimensional
planes.

3.3.2 Correctness

Theorem 3.8. If f and g are maximal dipathsin a progressgraph with forbidden codimension two setsthat
have the sametype relative to all of the forbidden sets, then they are dihomotopially equivalent (there is a
dihomotopy between f and g).

Pro of of Theorem 3.8 Sketch. Becausef and g are maximal dipaths in a progressgraph with for-
bidden codimensiontwo sets, by an analogueof Lemma 2.8, they coincide at their endpoints. Construct a



dihomotopy betweenf and g as follows.

First, we approximate f and g by dihomotopically equivalent rectangular paths (piecewiselinear in the
directions of the axes). The nal stepis alittle moredicult: to show that rectangular paths with the same
type are also dihomotopically equivalert.

To approximate f, let d be the minimum over points of f of the Manhattan/Hamming/T axi-cab distance
from f to any boundary or forbidden point. We will de ne a rectangular dipath j which is socloseto f that
it must be dihomotopically equivalernt to f via an easydihomotopy map. Partition [0,1]by 0= ay &

am = lsudthat for all i, the distancefrom f (a; 1) to f (&) islessthan d. Next, letr; = (& & 1)=N,
and de ne

j@ 1)="f@ 1),

j(a)=f(a):
We can connect these points linearly, and then construct the weighted averagedihomotopy betweenf and
j aswe have donein previous sections.

To construct a dihomotopy betweenj and the corresponding rectangular dipath for g (which we shall
call k), let t; , respectively s , be the turning points of j, respectively k, wherei rangesfrom Oto m 1, and
| rangesfrom O0to N 1. The required dihomotopy is fairly easyto construct (seebelow) if one assumedor
alli andall I, that (tj) 1(si . but if this is not the casethen we can simply insert extra intervals where
no distanceis traveledby j and reindext and s to make it so.

Assumingthat the intervals have beenreindexedasdesired,we attach rectanglesto spanthe gap between
j andk. Wein e ect widenj in the direction of the 0" axis toward k. We claim that the ertire gap between
j and k can be spannedby a union of rectangles. An examplewill help to clarify this.

Let us considera four-dimensional progressgraph with two dipaths and supposethat the turning points
of j are (1=2;0;0;0), (1=2;1=2;0; 0), (1=2; 1=2; 1=2; 0), (1=2; 1=2; 1=2; 1=2), (2; 1=2; 1=2; 1=2), (2; 2; 1=2; 1=2),
and (2;2;2;1=2), and the turning points of k are (1;0;0;0), (1;1;0;0), (1;1;1;0), (2;1;1;1), (2;2;1,1;),
and (2;2;2;1). Then the procedure we have described thus far attaches a rectangle from (1=2;0; 0; 0) to
(1;1=2; 0; 0), a rectanglefrom (1=2; 1=2; 0; 0) to (1; 1=2; 1=2; 0), and from (1=2; 1=2; 1=2; 0) to (1; 1=2; 1=2; 1=2)
rst. At this point, we can usethe induction.

It should be clear, but it seemscumbersometo write out the piecewiselinear dihomotopy which this
construction yields,but one can obsene due to the geometry that it avoid forbidden points. Why? Because
given any two axes, the corresponding forbidden points are ertirely outside the projection of the image of
the dihomotopy (since the two dipaths have the sametype). O

Corollary 3.9. Contrapositive of atove theorem. If f and g are maximal dipaths in a progressgraph with
forbidden codimension two setsfrom di er ent dihomotopy equivalen® classes,then they havedi er ent types.

Theorem 3.10. If pis a path in a transition digraph obtained from a progress graph with forbidden codi-
mension two sets by using the genealized Recursive Reduction Algorithm, and f and g are maximal dipaths
that both map to p, then f and g havethe sametype.

Pro of of Theorem 3.10 Straightforward: this has been proved for dimension two, and the generalized
algorithm usesthe two-dimensionalone. If f and g have dierent types, then their projections to some
two-dimensional spaceyields a progressgraph where they also have di erent types. Then by Theorem 3.3,
they cannot both map to p. O

De nition  3.11. Type of a path in a transition digraph (obtained from a progress graph by using the
Recursive Reduction Algorithm). If p is a path in a transition digraph obtained from a progress graph by
using the Recursive Reduction Algorithm, de ne the type of p to be the type of any maximal dipath that maps
to p.

10



Corollary 3.12. If f and g are maximal dipaths in a progressgraph with forbidden codimension two sets
from di er ent dihomotopy equivalene classes,then they map to paths having di er ent typesin the transition
digraph obtained from the generlized Recursive Reduction Algorithm.

4 Exp erimen tal Results

4.1 Description

This sectiondescribesthe results from running an implementation of the Recursive Reduction Algorithm on
uniformly distributed random progressgraphs and comparing it to the results of an implementation of the
Inductiv e Reduction Algorithm. We did the comparisonfor progressgraphs with forbidden rectangles.

First, we generateda set of m (the number of semaphoreshalancedparentheses. Then this wasconverted
to a processle by labeling the parenthesesin matching pairs. We did this to create 100di erent processes.
30 progressgraphs were constructed by randomly taking pairs of processesWe attempted at rst to satisfy
the condition that there be no nestedforbidden rectanglesbut found this to cumbersome,sonestedforbidden
rectangleswere permitted. This is how we obtained 30 trials for ead distinct number of semaphoresrom 1
to 15.

The courting of paths was accomplishedby consideringall nodesof the transition digraph which had no
parent. Thesewere potential starting points for maximal dipaths. A depth- rst-t ype seard was conducted
recursively using the rule: number of paths from parent equals sum of number of paths from its children.
Terminal nodes (without children) were assignedthe value of 1. A dynamic programming technique reduced
the time complexity of this task.

4.2 Analysis
4.2.1 Results

Inductive vs. Recursive
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Figure 8: The inductive algorithm's data for forbidden rectangles has a steeper slope than that for the
recursive algorithm.

One obsenesin Figures 8 and 9 that the recursive algorithm outperforms the inductiv e algorithm in
terms of the number of nodes, rst of all. Moreover, the recursive algorithm outperforms the inductiv e one
in terms of the number of edgesalso. There is an even more pronounceddi erence when we considerpaths.
SeeFigure 10.
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Figure 9: The inductive algorithm's data for forbidden rectangles has a steeper slope than that for the
recursive algorithm.
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Figure 10: The top (respectively, bottom) plot is for the inductiv e (recursive) algorithm.

Regressionanalysis on the nodes and edgesvs. semaphoresdata for forbidden rectangles has shovn
that the complexity is approximately ( m?) for the inductive algorithm and approximately ( m) for the
recursive algorithm. There is an exponertial reduction in the number of paths per semaphoreas well.

4.2.2 Discussion

For forbidden points, we expect the recursive algorithm to producean approximately linear number of regions
per semaphore,and the inductiv e algorithm to have a (greater) complexity of ( m?).

The reasonfor the prediction of ( m) for the Recursive Reduction Algorithm is that ead boundary
between L-shaped regions \consumes" at least two vertices, and in the best case,there will be at most a
bounded number of regionswithin the partitioned L-shaped region.

The reasonfor the prediction of ( m?) is that one may view ead forbidden rectangle as producing a
vertical and a horizontal boundary, sinceline segmers are extended from the minimal and maximal corners
in both directions. This shouldyield a set of line segmetts near ead edgeof the progressgraph of cardinality
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m + 1, sothe Inductive Reduction Algorithm generatesapproximately an (m + 1) x (m + 1) grid.

5 Future Work and Conclusion

We believe that the recursive algorithm can be extended to higher-dimensional progress graphs simply
by using hyperplanesinstead of line segmems. We intend to implement a higher-dimensional version of
the recursive algorithm and obtain complexity data for the Dining Philosopher problem, as Goubault and
Haucourt [GHO5] have donefor their inductiv e algorithm. This will involve exploration of the reducedstate
transition systemobtained by the recursive algorithm. We describe brie y now how to get admissible paths
from the paths of the transition graph. One hasto keephistorical information asthe graph is explored to
ensurethat the signature remains admissible. This can be done by maintaining a current minimum possible
value for the progress(coordinate) of ead process(axis).

One must weigh the bene t of the reducedstate-spaceagainstits complexity; yet we have found evidence
that a recursive approad is superior to an inductive onein terms of the number of regionsin the transition
graph. Analysis of the cost of the reduction will be done for the higher-dimensionalimplemertation.
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